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Abstract

Through this paper we analyze the demand for assets in presence of a dependent background risk
(informational asymmetries, political risk, "noisy traders', investment constraints, moral hazard, cross border risk,
market risk, non-marketable assets ,....). The desirability of the risky asset is pointed out and aso the fact that the
demand is monotonously decreasing in the degree of dependence in a specified interval by the use of stochastic
variation. Negative dependence is enough to guarantee that investors will take more risky asset even if the expected
excess return is null, and this result is reversed in case of positive one. The convexity of the margina utility is enough
to guarantee that the fraction of wealth optimally invested in the risky asset is unambiguously larger (smaller) for

weadlthier individuals when the dependence is negative (positive).



1.Introduction

The aim of this paper is to develop an analytical framework for investment decision making in globalize
international financial markets. To this end we will use some results coming from the area of risk theory. We
will aso show how this framework can be applied to the particular case of noisy markets.

Our attention will be focused on the dependence between the risky asset and the background risk.
Background risk might arise due to any reason like war, earthquakes, moral hazard, informational
asymmetries, non-marketable assets (human capital, irreplaceable commaodities,....), cross border risk, market
risk, political risk, inefficiency .... It is obvious that individuals who invest in countries that have unstable
political-economic systems must add a country risk premium when determining their required rates of return.
This assertion is true when the background risk, for example the political risk, changes the return directly,
otherwise it is false. That is the difference between a multiplicative and an additive risk. On one hand, result
of the investment is equal to the investment times a gross return which is the intrinsec gross return of the
market plus the political risk. On the other hand, result is given by the intrinsec gross return of the market
times the investment, and added to the political risk. In our framework we will consider the last case. Clark
and Jokung (1998b) used this framework in order to explain the capital flows between two countries. The
background risk could also arise due to the act of “noisy traders’ as Krueger (1994) said “Local investors
often use the market like a betting on stocks apparently without regard to value. At times, the local activity in

emerging markets will be liquidity driven, while at other times, it will be theme driven”. He also said that

“The biggest problem (of investing in emerging countri&sl) is probably the lack of reliable information”. Our
study will give an analytic explanation of the act of the investment return on the background risk and will
also give some implications on the investors' choices.

The past ten years have been marked by many studies on the optimal demand for coverage with random
initial wealth or with multiple sources of risk. Ross (1981) showed the weak points of Pratt-Arrow’s risk
aversion by using risk whose conditional expectation to random wealth is naught. Kihlstrom, Romer and
Williams (1981) studied the same problem with independence between risk and initial wealth. In this case
the individual was supposed to have decreasing absolute risk aversion. The first study defined a new measure
of risk aversion, more restrictive than Pratt’s, but one that made it possible to solve problems involving many
risks, whereas the second one found the same results as Pratt’s (1964). Nachman (1982) extended KRW's

result to non linear payoffs by studying the preservation of “more risk averse” under expectation. Hadar and

1 Emerging stock markets have come of age in so far as they have attracted the attention of portfolio
investors for the risk diversification and high return they provide. De Santis (1994), Harvey (1995) and other
authors document substantial diversification benefits from investing in emerging equity market indices.
However little attention is given to emerging markets in the financial literature concerning their behavior. A
critical drawback of the studies of De Santis (1994) and Harvey (1995) is their use of market indices that
generally ignore investment constraints associated with investments in emerging markets, and therefore
ignore the background risk.



Seo (1990) showed the limits of Ross's definition when “more risky” is taken in the sense of Rothchild and
Stiglitz (1970-1971) in a portfolio problem.

Some of our results will be similar to those found by Kahane and Kroll (1985) who studied the correlation
between a speculative risk and a pure risk by using Sharpe’s measure of performance, and also to those of
Mayers and Smith (1983) who showed the non-separability of the demand for coverage and the portfolio
selection in a mean-variance framework. The latter also demonstrated that the wealthier individual would not
necessarily demand more risky asset. Doherty and Schlesinger (1983) pointed out the effect of the
correlation between two risks with just one insurable on the demand for coverage and the fact that full
insurance will not always be optima when actuarially fair insurance is available. They used a two-state
marginal distribution. Eeckhoudt and Kimball (1992) showed that when the premium is unfair, if the degree
of absolute prudence is positive and non increasing with wealth, then for any pair of statistically independent
risks the optimal coverage with fixed wealth is |less than the optimal coverage with random wealth. Absolute
prudence is to marginal utility what absolute risk aversion is to utility and “it measures the propensity to
prepare and forearm oneself in face of uncertainty in contrast to absolute risk aversion which is how one
dislikes uncertainty and would turn away from uncertainty if one could” as Kimball (1990) said. Eeckhoudt
and Kimball (1992) aso studied the effect of a background risk on the demand for coverage : in the case of
positive dependence the insured reduces his coverage. Clark and Jokung (1998a) applied this result to the
capital budgeting decision with political risk and they pointed out the rule of “good times’ which means that
investors which utility function exhibits decreasing absolute aversion and decreasing absolute prudence
prefer to face bad results when the return on the projects is high rather than bad results where the return is
lowln our model, we consider an investor, a risky asset, a risk-less asset, and a political risk or more
generally a background risk. We recover Kahane and Kroll's results. The effect of dependence on the
demand for risky asset is pointed out. We find that, in fact, it is not necessarily true that the individual invests
only in the risk-less asset when the risky asset is fair, where fair means that the expected return of the risky
asset is equal to the risk-free rate. In case of separation between low and high returns the demand for risky
asset is completely specified. We give the ways to obtain diversified portfolio in both decreasing and
increasing stochastic dependence. We analyze the wealth effect by exploring the effect of the background
risk on the wealth effect and we showed that decreasing absolute risk aversion combined with decreasing
absolute prudence or both risk-aversion and convex margina utility are enough to guarantee that in the
presence of an positive dependent background risk an increase in wealth induces a decrease in the optimal
demand for risky asset. And finally we link our framework with the Capital Market Line.

Our paper is organized as follows, section 2 is devoted to the description of the model and the hypotheses.
Section 3 deals with the optimal demand for risky assets. Section 4 focuses on the case of high and low
returns, and section 5 places emphasis on the effect of an increase in the strength of the dependence. Section
6 presents the wealth effect. In section 7 we apply the analysis to the particularly important case of noisy
markets and explicitly show the implication of our results on the Capital Market Line.



2.Themode and its assumptions

Consider an investor who owns non risky wealth w, which he wantsto invest in arisky asset and a risk-less

asset. He also faces a second source of risk representing by a background risk. His final wealth isgiven by :

VT/f :a(l+F)+(Wo' "51)(]-""})"'-e~ or VT/f :a(F' rf)+WO(l+rf)+6
inwhich :

aisthe amount invested in the risky asset

I isthe return of the risky asset

r, istherisk-freerate

€ isthe background risk
Given avon Neumann-Morgenstern utility function u with u' > 0 and u" < 0, the investor’'s expected

utility following :

Eu(VT/f) = Eu[a(F- rf) +WO(1+rf)+§]

Heis supposed to maximize his expected utility. The first order condition(F.O.C.) for amaximum is:

CEl;—(;m: E[(F- rf) u'(\i\l)]zO

The second order condition (S.0.C.) is aways satisfied by the assumed risk-aversion, thus the optimal
demand for risky asset is an interior optimum.
The relationships between risky return and background risk can be defined in different manners. See

the Appendix for the common definitions.
In order to facilitate the mathematical analysis, we use discrete random variables € and T defined as

following :

Hypothesis1: I follows a multinomial law of tail m(m 3 2)
P(F=r,)=p,"i=1..m

wherether, (the valuestaken by I )are decreasingin i
Hypothesis2 : € followsamultinomial lawof tail n (n 3 2)
P(E:ej):q ;"i=1..n

wherethe e; (the values taken by € )areincreasinginj



Under these hypothesis, we can explain the expected utility with the help of conditional probabilities. Let's

take the following notations :

The expected utility follows:

Q)og

EU(VT/f): Y gén Pi U(W+ej)
ej=1

OCNC

i=1

where W = a(ri - rf) + WO(1+ rf) represents the wealth of the investor when the return of the risky asset is

equal to r; and without the presence of the background risk. And the first order condition becomes :

)8 - )b, by e, o
da i=1 gisn Q

3. Optimality of therisky asset

Now, let's evaluate the first order condition at a= 0 in order to find whether positive demand for risky asset
is optimal. First of all, notice that the final wealth in any state (related to ) is independent of the return

when the individual invests only in the risk-less asset. Recall that W =a(r, - r; ) +wo(1+r,) which

becomes w, (1+ rf) when a = 0. Hence the evaluation gives:

d Eu )

—|a=0 :é: pi (ri - rf)gén pi,j Dj WhereDj :U((Wo(l"' rf)+ej)

[ Y el entd

f
da Gj=1

We explore two cases, first the excess return is null (E(F- rf) =0) which means that the risky asset is

actuarially fair, and second this assumption is relaxed. We need the following lemma:



Lemmal: (S)

-, Ismonotonically increasing (respectively decreasing) with i when € isstochastically

n
increasing (respectively decreasing) in I, with § = é P, ;D; which is the conditional expectation of the
j=1

marginal utility knowing that the returnis r, when the individual takes only the risk-less asset.

See the proof at the appendix.
First case: Therisky asset is actuarially fair

_ r3r, wheni£i,
Let i, betheindex such that : S
r,<r, wheni>i,

The fact that E(F - rf) =0 induces that some excess returns are negative and the others are positive, thus

theindex i, existsand i | [l, m] . The F.O.C. evaluated at a= 0 becomes:

d Eulw i o
du—(;Nf)|a:0:§ pi(ri' rf)S' a pi(rf' ri)Sl
i=1

i=ig+l

Suppose that € Sl T (respectivelye SDT), then (S) 1S monotonically increasing (respectively

i=1,.,

decreasing) with i coming from lemma 1, and we get? :

i i i
0 0 0
AP -TE)S Eap(-re)S £.ap(- S
io i io
(resp.8 pi (- 1)S £8P (G- 11)S £8P0 (05 -1)S)

2 and

& p(re-t)S £ & p(e-r)SE & pilre-r)
& p(re - & pi(re -r & pi(re -r
i=i0+1p' RN i=i0+1p' £ 1S i=i0+1p' £ 1)S

m m m
resp. a (re -)SpE & (re -1 £ a i (re - 1;)S
(es‘)i:i0+1p|( f |) m i=i0+1pl( f |)Si i=i0+1pl( f |) |0+1)



d Eulw i o
E(;J—af)|a:0 £§ pi(ri - rf)SIO -a pi(rf - ri)S|0+1
i=1 izig+L
d Eulw i o
(resp.du—ng)|azo 3 épi(ri - rf)Sl' v_alpi(rf - ri)Sm )

And using the following conditions :

0£§ pi(ri - rf)£ ém pi(rf - ri) (resp.0? 5 pi(ri - rf)3 ém pi(rf - ri) )
= i=1

i=ig+l i=ig+l

and O£S £S ,,(resp. 03 S 3 S, ) by theuseof lemmal
The right side of the inequality is negative (respectively positive), then :

r |a=O £ (resp. 3) 0 and the optimal demand for risky asset & is negative (resp. positive).
a

Second case: The risky asset is actuarialy unfair

The excess return can be expressed as a percentage of the risk free rate, namely :

E(F- rf):l r,or EF)=(+1 )r, =r; Whichisequivalenttoém pi[ri - (1+1 )rf]:O

i=1

We can notice that the fair case correspondsto | =0.

r 3 (1+1 )r, wheni £i()

Let i (| ) betheind h that :
0() € the Index suc ri<(1+|)rfWheni>i0(|)

io(1 ) dependson | . Thefirst order condition evaluated at a= 0 becomes:
d Eu(VT/f)
da

lo=& pll-@+1)r )]s+ & ps with A ps2o
i=1 i=1 i=1

Consider the case of the stochastic increase (respectively decrease) of € in T, the first term of the last

equation can be rewritten as:



By the same methodology asin the case of actuarially fair risky asset, we get3 :

éj g[(r - (1+1) rf)] S £ (resp.3)0

m
and using the fact that é p;S is non negative , we can sign the slope of the F.O.C. at a= 0. The sign of the

i

)

)

i=1
demand for risky asset isthe following :
e st e ST
| >0 ? positive
I =0 negative positive
| <0 negative ?
3
io(l
pl(ri - rf*)S £ a Q(ri - rf*)so(l)
i=1

io(l) io(1
é Q(ri - rf*)51£ a_
'o(gl)

i=1

io(l) io) i
g é rf*)3£§ pl(ri-rf*)g)

(FGBIO-a pl(ri - rf*)so(l) £ a pl(ri -
i=1 i=1

and
é (rf*-ri)s£ %)pl(rf*-ri)sm
i=ig(l )+1

é p(r *- ri)so(l )+1 £
i=ig(l )+1 i=ig(1 )+1
(I’eSp. é pl(rf *- ri)Sm£ %)pl(rf *- ri)S £ %)pl(rf *- ri)so(l )+1)
i=ig(l )+1 i=ig(l )+1

i=ig(l )+1

where r,* =(1+1 ) r,



We group these results in the same proposition :

Proposition 1 : Under actuarially fair risky asset when the background risk is positively (respectively
negatively) dependent on the risky return, a negative (respectively positive) demand for risky asset is
optimal. When the risky asset becomes unfair, the result is still the same if the excess return is negative

(respectively positive) in case of positive (respectively negative) dependence. Otherwise nothing can be said.

This proposition summarizes two cases. On one hand, the background is stochastically increasing in the
return, which means that small returns are for the most part offset by large gains in the background and the
same thing remains for large returns. In the case of actuarially fair risky asset, the expected return for the
risky asset is equal to the risk-free rate, usually the agent is indifferent between the two assets and the
optimal decision isto invest only in the risk-less asset. But the presence of the background, which is viewed
as negative, gives incentives to have a negative demand for risky asset. It is akind of diversification. Hence
the portfolio becomes diversified only when the demand for risky asset is negative. This diversification
remains only when the excess return is negative, because a positive one will give incentives to reduce the
negative demand, and this demand could become positive due to the marginal utility, the loading factor | ,
the initial wealth, and the strength of the dependence. A large positive loading factor may induce a positive
demand.

On the other hand, when the background is stochastically decreasing in the return, high returns are likely to
be accompanied by low values of the background. The background risk acts like a hedge-portfolio, it is a
kind of homemade diversification due to the second source of risk. Then the investor has incentives to have a
positive demand for risky asset. When the risky asset is positively unfair (I > 0), this situation is still valid.
In case of negative unfair risky asset, nothing can be said. But with small negative loading factor (I <0),
investors could have a positive demand for risky asset when the dependence allows a good homemade

diversification.

4. High and Low Returns

Investors are interested with returns which are greater or lower in comparison with the risk-free rate,
otherwise they have incentives to invest in the risk-less asset. In this section we study the location of the

demand. We need the following assumption :

Hypothesis3: r,, and r, arethevaluestaken by I with probabilities p and 1- p respectively such that
rEri£ry,



We take this assumption in order to avoid any stochastic dominance between the risky asset and the risk-less

one. Imaginethat r, £, < r, (respectively r, < r_ £r, ) thenindividual will invest only in the risk-less
(respectively risky) asset.

In case of actuarially fair risky asset ( p(rH - rf)+(1- p)(rL - rf) =0) we are able to locate the optimal
demand. Let'sdenoteby De =e, - e, the variability of the background risk, and p ' (respectively p ) the
conditional probability that the background takes the value €; knowing that the risky return is r,
(respectively 1, ).

Let W(a) =a(r" - r,)+w,(1+r,) and W(a) =a(r" - r, ) +wp(L+1,) denoted the level of the final

wealth according to the value taken by the risky return. Suppose that € Sl T (respectively € SD ) and

e : . _ De
(respectively a” =
ry-r ry-r

evaluatethe F.O.C. at a" =-

) :

ceufy ) ) bty vey ) obvtatyen] - o floduiaty o)) ubaiasvenlf

P
|azar = POy -1 =

® i) o) o) vey) Ly)
(respectively
el ) L pH Wi yre)- uwayven) - "o Hudwiave; ) udwian) e
‘aza‘ =ply - f) = =2 1=

da [@(a )+e1) ‘(W(a )+en)] i;

and using the fact that W(a") +e, = W(a") +e, (respectively W(a )+e, = W(a)+e, ) and that the
marginal utility function is decreasing, then we find that the first bracket is positive (respectively negative),
the second is negative (respectively positive) and the last one is equal to zero. Hence, the first order
condition evaluated at a* (respectively a” ) is positive (respectively negative) and the optimal demand for
risky asset & fulfilled the following condition: a" £ 4£ O (respectively O£ A£ a’)

We have the following proposition :

Proposition 2 : Under actuarially fair risky asset. When the background risk is stochastically increasing
(respectively decreasing) in the risky return, then the optimal demand for risky asset is negative (respectively
positive) and located inside the following interval :

¢ De u . ¢ Deu
& » Oy (respectively &0, a)
efm-TL 0 e M-fd

10



De De
We can notice that the ratio =-n "1 =_—"" jsthe percentage of additional background risk per
ry-r. ry-r. Dr

asset’s risk, we get two cases. First, the background risk is stochastically increasing in the return and the
investor uses the risky asset in order to cover the background, then his demand is negative. Second, in the
opposite case, the background is a natural coverage for the risky return. And the demand is positive. In both

the two cases the absolute value of the demand is lower than this ratio.

5. Increasing in the strength of the dependence

The question which arises here is: “Is the demand for risky asset in presence of € ? greater (respectively

less) than in presence of €' ?“ , where € 'and € ? are two different background risks taking the same

velues, €,,€,,....... ,€, with the probabilities q ;,q ,,....... .0, respectively. For sake of clarity let's

assume that € 2 is more stochastically increasing (respectively decreasing) in T than €, recall that the

return of the risky asset follows a binomial law, namely I takes the values r, and r_ with
probabilities pand1- prespectively, and that these returns are such that r, £.r, £, . Let denoted by
p ;W) and p jw) the conditional probabilities that € * takes the values e, in case of high return and low
return respectively and where /1 [1,2] .We know that :

- e'is stochastically increasing (respectively decreasing) in T~

- €2 isstochastically increasing (respectively decreasing) in T~

- €% ismore stochastically increasing (respectively decreasing) in I than e *
Let &'and &% be the optimal demand for risky asset when the background is € *and € 2 respectively4.

In order to find if &' is greater or lower than &2, we are going to evaluate the first order condition which

gives &% with &', weget :

4 &' and &2 are the respective solutions to the following equations :

p(ry - 1A p}*(l)u@(él)+ej)+(l- p)(r, - r)a ij(l)utéﬂ(élﬂej):O
j=1 =

and

o(r, - r)& p "PudW(a2) +e, )+ @- p)(r - 1)@ pPudw(a?) +e,)=0
j=1 =

11



dEu(W,) i d p)(re-1) 4 L@ a1 il
e = PO - T A P UGW(EY) e, —apv uqw(@’) +e; y
da H f 155 i ((V_V ) p(rH _ rf) Z i ((V_\/ i
A . .. . . Al . (1- p)(rf - rL) .
nd by the use of the first order condition which gives &, we can determine ———————. The sign of

p(rH - rf)

the last expression is the same as the following :

i:o () J= é— ()UQ( ) )
8 e )
i & “udw( )+ )

1 Qo

RIVEET

apPudm@)re,) A n udw@) ve,)- 4 o) Yudwi@) +e,) & o Pudw@) ve,)
j=1 j=1

= =

We need the following lemma:

Lemma?2 : If €% ismore stochastically increasing in I than € *, then
0e & pudw(a) +e ) £4 p"udW(a) +e,) " al A
=1 j=1

0f£ § ij(l)utM(a) +ej)£é pk(z)u@(a) +ej) "al A
j=1 j=1
The sense of the inequalities are reversed in case of stochastic decrease.

See the proof at the appendix.

Applying thislemmayields :
J 2 f=, 3 O f— .
0O£Qp; ut(\N(a1)+ej)£apJ“ u<(\N(a1)+ej)
=1 j=1
(resp.?) (resp.®)

12



d ® A d (2) ~
0f ap?lu@(al)+ej)£a ijzu((W(al)+ej)

(resp.?) (resp.?)

Then the evaluation & of the first condition which gives 2 has a negative (respectively positive) sign. This

condition means that &' is greater (respectively lower) than &2, because the first order condition which

gives &% vanishesat &°. We can enunciate the following proposition :

Proposition 3 : An increase in the positive (respectively negative) dependence reduces (respectively

increases) the demand for risky asset in absolute value.

If we consider the case of actuarially fair risky asset, we know the interval in which the demand is located.
Now, we are going to find that the boundaries of this interval correspond to the case of perfect dependence.
The positive (respectively negative) perfect dependence means that when the return takes the high
(respectively low) value, at the same times the background takes its lowest (greatest) one and vice versa.

We need the following lemma:

Lemma 3: In case of actuarially fair risky asset, the optimal demand for risky assetis a* ( - Cn” &

Ho

)

(respectively a’ (e” “€
r

1).) when the background is perfectly stochastically increasing (respectively
Ho I

decreasing) in thereturn.
See the proof at the appendix.

The use of thislemma and the last proposition yields :

Proposition 4 : In case of actuarially fair risky asset ( E(F- rf) =0), the demand for asset is an increasing

function of the dependence when it goes from perfect positive dependence to perfect negative dependence.

The demand goes from a“to a” .

See the proof at the appendix.

13



6. Wealth effect

Totally differentiating the first order condition with respect to w,, and a, one obtains:

ém pi(ri - rf)gén Pi; U"(\Ni +ej)g

da _ = 8j=1 a
d g 20 Y
" a pi(ri'rf)zgapi,j UM +ej)g

i=1 ei=1 u

and the sign of da is given by the numerator. Let's us consider three cases with the return of the
0

risky asset given by the binomia law (r takes the values r, and r_ with

probabilities pand1- p respectively).
We need the following lemma:

Lemma 4: T, (W) = é ijdj is greater (respectively smaller) than T, (W) = é ijdj when € s
j=1

j=1
stochastically decreasing (respectively increasing) in I, with d, =ukW +e))

See the proof at the appendix.

First case: The excessreturnisegual to zero (I =0)
E[(F- r )u'l(\/h\wlf )J becomes:
14 W@ o 3 L) U -
p(rH - rf)léij ucéN"'ej) - é p;_ UM-'-ej))t; = p(rH - rf)(TH(\N)' TL(W))
P i=t j=L
If the background risk is stochastically increasing in the risky return, then the demand for risky asset is

negative and W <W. Therefore T, (W) <T_(W) using the fact that T, (W)and T, (W)are both
increasing with wealth. But T, (W) <T_ (W), hence T, (W) <T,(W)and % <0.

0

14



If the background risk is stochastically decreasing in the risky return, then the demand for risky asset is
positive and w >W . Therefore T, (W) <T,(W). But T, (W) >T, (W), hence T, (W) <T,(W)and
da

—>0.
0

2™ case: The excessreturn is positive (I > 0)

E|(7 - r, )u@W,)| = p(r,, - ro)T W) - TLO))- 1 r, T, ()

If the background risk is stochastically decreasing in the risky return, then % >0 using the fact that
0

T, (W) < 0. When the background risk is stochastically increasing in the risky return, nothing can't be said

about the sign of E .
dw,

3 case: The excessreturn isnegative (I <0)
If the background risk is stochastically increasing in the risky return, then % <0 using the fact that
0

T, (W) < 0. Otherwise nothing can be said.
We get the following proposition:

Proposition 5: When the utility function is such that u¢> 0,u®< O,u®> 0, in case of actuarially fair risky
asset, the demand for risky asset is an inferior good (respectively normal good) when the background risk is
positively (respectively negatively) dependent on the risky asset. When the risky asset becomes unfair, the
result still the same if the excess return is negative (respectively positive) in case of positive (respectively

negative) dependence.

We point out the fact that in case of fair risky asset, the fraction of wealth optimally invested in the risky
asset is unambiguously larger for wealthier individuals when the background risk and asset return risk are
negatively dependent, therefore the investor’s willingness to hold risky asset in her portfolio increases. We
shown that positive relation between background risk and asset return in the sense of the stochastic variation
reduces the investor's willingness to hold the risky asset for any utility function that exhibits decreasing

absolute risk-aversion and decreasing absol ute prudence (which imply u¢>0,u®< 0,u®> 0).

15



7. Implications on the CML

Consider a specific market, and denote by T, the return of his market portfolio and by r, the risk-free rate.

By the use of the theorem of the two funds, an investor will take a portfolio on the market line, this portfolio

is given by a T +(1-a)r,, where a is the fraction of wealth invested in the risky asset. We have

assumed that the investors buy securities and that they bear no risk apart from securities' risk. This is

unreglistic since every investor has to bear some non-tradable risks or to support exogenous risks. When the

investor takes into account the background risk € related to this particular country, his portfolio must
become a (&) T, +(1- a(e) ) r.

Recall that the condition which gives the demand for risky asset isthe following :

E[Fm - rf]:Covg?“m - w%or E(F,)-r, :Covg?“m,- Mg
8 EUQ\Nf){a 8 EUQ\Nf){a

with V~\~/f =a(r, - r,)+w,(1+r,) if the investor does not take into account the background risk else

W, =a(f - r,)+w,(1+r,)+& . The implication of the former sections in portfolio choice in emerging

market is that an increase (a decrease) in the background risk lowers (rises) the optimal amount of money

invested in the market portfolio.
Suppose that a(O) is the optimal fraction of wealth invested in the market portfolio if the background risk is

non-existent,a (0) isgiven by E| (7, - r, Juda (O, (T, - r, )+ wy(t+r, )| =0.
If the background exist, but a has not been changed (a =a(0)), then
E[(Fm - rf)u(ta(O)WO(Fm - rf)+wo(1+ r )+€JJ will not be equal to zero. Hence @ needs to be lowered

or risen to obtain the optimal value, namely a(é), this indicates that the investor willingness to buy

marketable risk is modified by the presence of the background risk.
That induces a right (left ) shift in the Capita Market Line (CML). Investors not only have to add a risk
premium in order to eliminate the background risk, but also have to notice that this risk is not proportional

according to the movement of the CML.

8. Conclusion

Our study contributes to highlight the interdependence between the background risk and the portfolio
selection. When the background is stochastically decreasing in the risky asset, it acts like a hedge-wealth by

partially diversifying the portfolio. The use of stochastic variation allows us to focus on this role of natural

16



hedge through the strength of the dependence. This strength acts on the demand for risky asset by increasing
it under positive dependence and by decreasing it in the opposite case : the demand for risky asset is
monotonically continuously increasing when the degree of dependence goes from perfect positive to perfect
negative. With high and low returns, the demand for risky asset is located in a particular interval and its
absolute value is still lower than the percentage of background risk per risky asset. We shown that wealthier
individuals demand less risky asset when the dependence is negative due to the convexity of the marginal
utility function. Dealing with noisy markets, we pointed out that the demand is shifted in order to diversify

the international portfolio.
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Appendix

Relationships between risky return and background risk can be defined in different manners. Let A be the set

of real numbers and let 7 and € be two random variables on the probability space (A- B(A), P(-)), we

have the following definitions for different sorts of dependence :

Definition 1: € is stochastically increasing in T (denoted by € S ) if and only if P(Pe~ £e/F£r) is

decreasinginr.

For agiven e the probability that the background € islower than e islarger thereturn r islower

Definition 2 : € is stochastically decreasing in I (denoted by € SD T) if and only if P(Pe~ £e/F£r)
isincreasinginr.

Definition 3 :Given three random variables T, € and eT, e ' issaidtobemore stochastically increasing
in T than € ifandonlyif:
i)e isstochasticallyincreasingin

i) e" isstochastically increasingin T~

"fe 6¢gple £e "

iii) Pge /F:rﬂ£ P( A:r) r.e
This definition will allow us to compare the effect of two different background risks on the same return.

Definition 4 : Given three random variables T, € and eT, e' is said to be more stochastically

decreasingin I than € if and only if
i)e isstochastically decreasingin I~

ii) e isstochastically decreasingin

ii) P "E¢/._ 83 p(EEel_ ) "re.

Definition 5 : Given two random variables T and € , T and € are said to be positive dependent in the

sense of the likelihood ratio (or positively likelihood ratio dependent, denoted by PLRD) if and only if

P e, TEr)P(E£e', TEr)EP(Efe', TEr)P(ELeTEr)"e'Ee,r'Er
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PEfe ,TET)) c P(Efe, TET)

PEEfe . TEr) PEELe' TEr) e'fe r'tr.

The negative dependence is obtained by reversing the sense of the inequality. It is denoted by NLRD. We

close these different types of dependence by one obtained by the means of the stochastic dominance criteria

Definition 6 : Given two random variables I and € , € is positively (respectively negatively) dependent on
I in the sense of the first, the second and the third stochastic dominance criteria respectively if and only if
for any pair (r,r ) suchthat r' £ r, E(r ) is stochastically dominated (respectively dominates) E(r)

by thefirst, the second and the third stochastic dominance criteria respectively.

Where E(r) denoted the random variable obtained by conditioning € by T = r, the random variable

e (r) takes the same values as € , but with different probahilities. If the variables are discrete, the law of
e(r) isgivenby P(E(r) =¢) = P? - % _ r% where the e, are the values taken by € . In our study
we use definition 1 through definition 4 (the results obtained by the use of definition 1 through definition 4

are till valid when dependence is defined by the likelihood ratio) because of the following property :

Property 1 : Given two random variables T and € . If T and € are positively (respectively negatively)
dependent in the sense of the likelihood ratio, then € is stochastically increasing (respectively decreasing)

inr

Proof. Suppose that I and € are positive dependent in the sense of the likelihood ratio (or
positively likelihood ratio dependent, denoted by PLRD) :

PEte ., FErd PEE£eFEr)
PEfetT£rd PlE£et T £r)

"e€er€r.

For sake of clarity, let r1 { My rL} . The former condition becomes :
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anp anp.

k1 g(resp.3) £2— " i, j1 [Ln] such that j£i
Py Py

k=1 k=1

but wheni isegual to n,wehave: é py = é p Hencewithi = nthe condition becomes
k=1 k=1

d d .
apc(respE)ap, " j=1n
k=1 k=1
. e £ ef "
which meansthat P(€ %:rH’) £ (resp. 3) P(® %:rL) e

And € is stochastically increasing (respectively decreasing) in T . The controversy of this property
is false, because the dependence in the sense of the likelihood ratio is symmetrical and the stochastic

variation is not symmetrical.

Lemma 1: (S)izl__m is monotonically increasing (respectively decreasing) with i when € s
n

stochastically increasing (respectively decreasing) in T, with § = é P, ;D; which isthe conditional
j=1

expectation of the marginal utility knowing that thereturn is r, when the individual takes only the risk-

lessasset( D, =udw,(L+r,) +e,))

Proof.
Si+1 'Si = |_pi+1,1 - pi,lJ[ Dl - Dz ]+|_(pi+1,1 +pi+1,2) - (pi,l +pi,2)J[ Dz - D3 ]

+ [(pi+1,1 +pi+1,2 +pi+1,3) - (pi,l +pi,z +pi,3)][ D3 - D4 ]+ """""

+[(pi+1,1+pi+1,2+ ------ FPisrn1) - P ¥Pio Fon +pi,n-1)][Dn-1' D, ]

3 ie & £ 0 i
=a ie(@pwy)_(ap,)ald.- Dy
k=1 T & j= j=1 a %

But the fact that € is stochastically increasing (resp. decreasing ) in T tellsusthat :
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k k k k
éplyj £ épzyj £ épL3 o £ épmvj "k=1..n-1
j=1 j=1 j=1 j=1

(resp?)  (resp.®) (resp®) (resp.?)

Then:

[pi+1,1' pi,l] 20
(resp. £ 0)
[(Pras¥Pisz)- (1 +P)] ° O
(resp. £ 0)
[(Proa2¥Piaz #Piss) - (P2 +Pi2*Pig)] 2 O
[(pi+1,1+pi+1,2+ ------ +pi+1,n.1)' (pi,1+pi,2+ ------ +pi,n-1)] :0
(resp. £ 0)
or equivalently :
k k
(aPia)_ (@Ppi;) 3 0" k=1..,n
j=1 j=1

(resp. £ 0)

But (Dj ) i< is decreasing with j due to the fact that the marginal utility is decreasing with wealth and

(ej)j:Ln isincreasing with j, then we:

é &k & u "
e(apiﬂ,j)_ (api,j)g (Dk'Dk+1) 8 (I’eSp. £) 0 k=1..,n
e = j=1 u

And the result follows.

Lemma?2: If €2 ismore stochastically increasing in T than € *, then
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n _ n @ 4 " AT A
0e 4o “ufi@ve, )4 V@ e )" al A
j=1 i=1

0f£ § ij(l)utM(a)+ej)£é pk(z)u@(aﬂej) "al A
j=1 j=1
The sense of the inequalities are reversed in case of stochastic decrease.
Proof. Let W' (a) =a(r, - r,)+w,(1+r,) where/T {H, L}

n

jé:lp}*(z)u@f(aﬁej) - ?ailp}*(l)u@z(ahej): jéil(pj“(z) - pj“(l))[u@f(aﬂej)

461 pr Nk @ e, )- i @ +e,)

j=1
3 jé & X u i
=a }é(aij(z))_(aij(l))L][Zk'Zkﬂ].'
k=1 T & j= j=1 a %

where Z, =uqW'(a)+e,) - QW' (a)+e,)

But the fact that € ? is more stochastically increasing (resp. decreasing) in T~ than € * induces:

PE E6/_ ) £ (rep 3)PE'ESL_ ) " er
or equivalently:

P(e £e%:r) £ (resp. 3?) P(e £ej%:r) ) JT []"n] for ri { rH’r'-}

And with the conditional probabilities :
g He) 2y (& oH
(ap;”) £ (rep?) (@p; )" k=1..,n-1
j=1

=1

K k
(8p") £ (e 2) (Ap¥)" k=1..n1
j=1 j=1
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Then
e < w0 B
(api™)_ (ap]") £ (rep2) 0 " ki [1n-1]
j=1 j=1

But the Z, are positive and decreasing (respectively increasing) due to the fact that the margina

utility is adecreasing function of wealth; thus:

é Ok U n T
e(anp ©y_ (apJ )L;(Zk-zkﬂ):s(respﬁ)o kT [Ln-1]
é = 1)
And finaly :
Bié & & U i
are(ar'™ _ (ar'") dz.-z.)y £ (rep3)0
k=Te j=1 j=1 1) }\;

Lemma 3 : In case of actuarially fair risky asset, the optimal demand for risky asset is

a'( - M) (respectively a’ (e”_ el).) when the background is perfectly stochastically
- r -

H f H f

increasing (respectively decreasing) in the return.

Proof. Positive (respectively negative) perfect dependence means that when the return takes the high
(respectively low) value, at the same times the background takes its lowest (greatest) one and vice versa.
Suppose that the dependence is perfect and positive ( respectively negative), the amount invested in the risky
asset is given by the following equation :

( - rf}-“ta( f)+e1J+(1 p)( - rf)-“ta(r - f )+enJ 0

(respp( - Iy t{arH-r +e]+(1 p) Lo T ut{arL +e1] 0)
but p(rH - rf): -(1- p)(rL - rf)
then udalr,, - r, )+e|=udalr - r, )+e, [respudalr, - 1, )+e,|=udalr - r, )+e])

Hence alr, - r,)+e =alr, - r,)+e, (resp.alr, - 1 )+e, =alr - r,)+e, )
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e, -e e,- e
and a=-—"—1=a (repa=—"—2=a")
- -r

H f H f

Lemma 4: T, (W) = é ijdj is greater (respectively smaller) than T, (W) = é ijdj when € s

=1 =1

stochastically decreasing (respectively increasing) in I, with d, =ukW +e))

Proof. T, (W)- T, (W)=§ ijdj -a pJLd
j=1 =

T,0W-T.W=[p" - prlld, - d, [+ +p3)- @ +pD)][d, - d, ]
s +pt+py- @r+pr+pDlds- dy ]+
s +p +otpl - O +pL +entpty)](d, - d, ]

5t 1€ & & .u i
=a e@ar_(@edaldc-de ly
k=1 T @ j=1 j=1 u ﬁ

But the fact that € is stochastically increasing (respectively decreasing ) in T~ tells us that the term
between the brackets is positive (respectively negative). And using the fact that the marginal utility

function is convex tellsusthat d, - d,,, =u®W +e,) - uW +e,,;) isnon positive. Therefore,

we get the result.
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